Cosmological models where spatial sections are the Poincaré dodecahedral space D have been recently invoked to give an account of the lower modes of the angular anisotropies of the cosmic microwave background. Further explorations of this possibility require the knowledge of the eigenmodes of the Laplacian of D. Only the first modes have been calculated numerically. Here we give an explicit form for these modes up to arbitrary order, in term of eigenvectors of a small rank matrix, very easy to calculate numerically. As an illustration we give the first modes, up to the eigenvalue −k(k +2) for k = 62. These results are obtained by application of a more general method (presented in a previous work) which allows to express the properties of any eigenfunction of the Laplacian of the three sphere under an arbitrary rotation of SO(4).
Introduction
There is a long time interest for cosmological models where space is multirather than simply-connected (see a review in [7] ). Recently, [10] claimed that a peculiar model may give an account of the two first moments in the angular power spectrum of the anisotropies of the cosmic microwave background. This model involves the Poincaré dodecahedral space D, whose universal covering is the three sphere S 3 . The calculations involved the first eigenmodes [of the Laplacian] in D, which were estimated by numerical methods. However, to make predictions beyond the first moments, and to check non diagonal terms in the correlation matrix, the knowledge of a greater number of modes is required.
The eigenmodes of a spherical space S 3 /Γ are the an eigenmodes of S 3 which are conserved by all the rotations of Γ. In general, they remain unknown. Their number, i.e., the multiplicity of the eigenspaces, was calculated by [4] as a function of the eigenvalue of the Laplacian. Recently, [8] (see also [9] ) have provided analytic calculations of these modes for Lens space and Prism space. The same results were obtained later with a different method by [6] . Here we provide a new and efficient method to calculate the modes of the dodecahedral space. In [6] , we constructed a special basis (B3) for the modes of S 3 , which allowed to calculate explicitely their behaviour under any rotation of SO(4). These results are recalled in section 2. They are then applied to D (section 3), which leads to the derivation of its eigenmodes.
Rotation properties of the eigenmodes of S 3
The eigenvalues of the Laplacian ∆ of S 3 are of the form λ k = −k (k + 2), where k ∈ IN + . For a given value of k, they span the eigenspace V k of dimension (k + 1)
2 . The eigenmodes of the dodecahedral space D ≡ S 3 /G are those eigenmodes of S 3 which remain invariant under all holonomy transformations of G. To be so, it is necessary and sufficient that they are invariant under the two generators of G, that we call g±.
We will use a specific basis B2 of V k , whose properties were detailed in [6] . This basis was originally introduced by [1] . A real version of it has been used by [8] to find the eigenmodes of lens and prism spaces. It is generated by a set of (k + 1)
2 functions:
where m1 and m2 vary independently by entire increments. We know ( [4] ) that D has eigenmodes only for k even, that we assume from now. This ensures that m1 and m2 are entire. Hereafter, all sums involving m1 or m2 will cover the range −k/2..k/2. These functions are naturally adapted to toroidal coordinates to describe S 3 : (χ, θ, φ) spanning the range 0 ≤ χ ≤ π/2, 0 ≤ θ ≤ 2π and 0 ≤ φ ≤ 2π. They are conveniently defined (see [8] for a more complete description) from an isometric embedding of S 3 in IR 4 (as the hypersurface x ∈ IR 4 ; | x |= 1):
where (x µ ), µ = 0, 1, 2, 3 is a point of IR 4 . In [6] , we gave the explicit expression of B2:
We wrote ℓ = m1 + m2, m = m2 − m1 for simplicity; P
. Note that the basis functions T k;m 1 ,m 2 have also been introduced in [2] (p. 253), with their expression in Jacobi Polynomials. They are the complex counterparts of those proposed by [8] (their equ. 19). The variation range of the indices m1, m2 here is equivalent to their condition
through the correspondence ℓ = m1 + m2, m = m2 − m1.
Complex null vectors and roots of unity
Our calculations require the use of an other basis of V k which was introduced in [6] (and apparently ignored before in the literature):
This basis may only be used when k even, which is assumed here. Hereafter, all sums involving i, j, I or J will cover the range 0, k.
The basis functions are defined as Φ
Here the dot product extends the Euclidean [scalar] dot product of IR 
We proved in [6] that B3 form a basis of V k (when k is even) and we gave the transformation formulae with B2. First we defined
Then the transformation reads
Rotations in IR 4
The main interest of the basis B3 lies in the possibility to calculate explicitly its rotation properties under an arbitrary rotation g ∈SO(4). The action of a rotation g ∈ SO(4) on a function is noted Rg: Rgf (x) ≡ f (gx). Applied to the basis functions, it may be developed as
The coefficients were calculated in [6] as
where we defined U ≡
In these formulae, the two unit quaternions QL and QR represent the rotation g. The four basis quaternions are written jµ, j = 0, 1, 2, 3, with j 0 = 1. A quaternions is developed as q = q µ jµ. For a complex quaternions, the q µ are complex numbers. Terms like QL α QR simply denote the quaternionic product. The brackets indicate the quaternionic scalar product, the bar the quaternionic conjugate. The null complex quaternions nIJ represent the null vectors NIJ introduced above (see details in [6] ). Also, we introduced the following peculiar null complex quaternions α ≡ 1 + i j3, β ≡ j1 − i j2 = (1 − i j3) j1 and δ ≡ −j1 − i j2. They have zero norm and obey the properties < α · nIJ >= ρ I , <ᾱ · nIJ >= ρ −I , < β · nIJ >= ρ J , < δ · nIJ >= ρ −J . The coefficients G ij IJ completely define the transformation properties of the basis functions under any element g of SO(4).
3 Dodecahedral space
Generators
The Poincaré Dodecahedral space has two generators g±, acting as x → g±x, for any point of S 3 represented by the unit vector x of the embedding space IR 4 . In a certain basis of IR 4 , they are expressed (Weeks, prived communication) as the two matrices g± ≡
It follows their (left action) complex matrix forms as G± ≡ c + iC ±1/2 ±1/2 c − iC , whose action is defined by
These two operators have the same eigenvalues, namely λ ≡ e iπ/5 and λ * (star means complex conjugation). The corresponding (unit) quaternions Q± act by left action only (as qx → Q± qx, where qx is the unit quaternion associted to the point x of S 3 ). They are given by Q± = c + C j3 ∓ j1/2. We noteλ ≡ e j 3 π/5 the quaternionic analog of the eigenvalue λ.
Diagonalisation Calculations are much easier if we adopt a different basis where one generator, say g+, transform the complex coordinates W ≡ x 0 + ix 3 and Z ≡ x 1 + ix 2 , of an arbitrary vector x ∈ IR 3 , by scalar (although complex) multiplication. To find such a basis is equivalent to diagonalize the complex matrix G+, what we have done. We express the results in quaternionic notation. We note u the quaternion which expresses the change of coordinates: by definition,λ = u Q+ u −1 . Calculations give
The second generator takes the form
Now we continue the calculations with this basis: the two generators arė λ (diagonal) and R− (formula 10).
Invariance
The diagonal character of the first generator makes the calculations easy: the basis functions T k;M 1 ,M 2 of B2 appear to be its eigenfunctions. This is analog to the case of a lens space, as seen in [6] . Thus, the functions of V k which are g+ invariant are all combinations of the T k;m 1 ,m 2 which verify the condition 2m2 = 0 mod 10. This implies k even (as was derived by [4] ), so that m1 and m2 are entire and
where we underline as m2 a value of m2 verifying this condition. It remains to express the invariance condition with respect to the second generator.
Second generator
We assume k even, and we adopt the basis B3 of V k . Simple calculations lead to estimate
with (9) . Taking into account the properties of the roots of unity, we obtain
]. This expression allows to return to the rotation properties of the basis B2 (in fact T k;M 1 ,M 2 rather than T k;M 1 ,M 2 ), that we express by the development
The coefficients take the form
Direct calculations allow to evaluate the last sum as
Still a new basis This suggests us the introduction of still a new basis for V k (only for intermediary calculations):
with inverse formula
Its rotation properties are deduced as:
where the quantities A ′ and V have to be evaluated for the value J = α−I mod (k + 1).
A first important result appears: the value of α, for this basis, is preserved by Rg − . Using the formula just above, it is straightforward to check that this implies, similarly, that Rg − preserves m1 in the basis B2. This result will allow considerable simplification. To continue, we report in the formula above the values of V = A/B and A ′ (equ.12). This gives
where k/2 − m2 and k/2 + m2 take their value between 0 and k.
Splitting the eigenspace
From this formula, it appears the second important result that
(19) does not depend on α. This allows to write the rotation formula
It is easily checked that this absence of dependence on α holds also for the T k;m 1 ,m 2 . Finally, we are led to the transformation rule for the basis B2:
with γ
given by (19). Summary We summarize the results obtained, expressed in the basis (T k;m 1 ,m 2 ):
• The g+ invariant functions of V k are all combinations of the T k;m 1 ,m 2 which verify the condition m2 = 0 mod 5.
• The second generator (g−) preserves the value of m1. This allows to consider V k as the direct sum of k + 1 sub vector-spaces V k,m 1 of dimension k + 1, each preserved by g−. The search for invariant functions can thus be made independently for each V k,m 1 .
• The rotation coefficients (19) in V k,m 1 do not depend on m1: they are identical in each of the V k,m 1 . It is thus sufficient to search invariant functions in one of them (say, for m1 = 0). The other functions are given by the k more copies obtained by replacing the value m1 = 0 by any of the k remaining values. It results that the dimension of the space of eigen functions of the dodecahedral space is an entire multiple of k + 1, as was already indicated by [4] .
Eigenvectors
The search of the modes of the dodecahedral space is reduced (for each even value of k) to that of the invariant eigenfunctions of S 3 in V k,m 1 =0 . Invariance with respect to g+ implies that such a function may decomposed in the restricted basis formed by the TM 1 =0,M 2 (we recall that underlining means M 2 = 0 mod 5). In this restricted basis, the rotations properties (under g−) are expressed by the k5 * k5 matrix G k of coefficients γ
given by (19) (we define k5 ≡ 1 + 2[k/10]). Thus, invariant functions are the eigenvector(s) of the matrix G k , corresponding to the eigenvalue 1, when they exist. We note such an eigenvector by its k5 components (fM 2 ). (Note that, when the multiplicity of the eigenvalue 1 is larger than 1, they can be several such vectors; this occurs for instance for the value k = 60, see the table.) Finally, the eigenfunctions of the dodecahedral space corresponding to the eigenvalue −k (k + 2) (k even) are all combinations of the functions
where (fM 2 ) is an eigenvector of the matrix G k with eigenvalue 1, for all the entire values of M1 between 0 and k . For a value of k, the calculation of the (k5) 2 coefficients of G k is immediate. The search for eigenvectors also runs very easily (on MAPLE for instance). Results confirms the values of the eigenvalues and their multiplicities given by [4] . The table gives the numerical values of the first eigenvectors of the dodecahedron. MAPLE codes to calculate the modes may be obtained by request at marclr@cea.fr. (11) , and M1 takes all the entire values between −k/2 and k/2.
